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In the module, containing six lessons (12-17), the study of circuits, consisting of the
linear elements — resistance, inductance and capacitance, fed from single-phase ac supply,
has been presented. In this module, which may also be termed as an extension of the
previous one, containing three lessons (18-20), the solution of currents in the balanced
circuits, fed from three-phase ac supply, along with the measurement of power, will be
described.

In this (first) lesson of this module, the generation of three-phase balanced voltages is
taken up first. Then, the two types of connections (star and delta), normally used for the
above supply, followed by line and phase quantities (voltages and currents) for the
connections, in both supply and load sides (both being balanced), are described.

Keywords: Three-phase balanced voltage, star- and delta-connections, balanced load.

After going through this lesson, the students will be able to answer the following
questions:

1. How to generate three-phase balanced voltages?

2. What are the two types of connections (star and delta) normally used for three-phase
balanced supply?

3. What are meant by the terms — line and phase quantities (voltages and currents), for
the two types of connections in both supply and load sides (both being balanced)?

Generation of Three-phase Balanced Voltages

In the first lesson (No. 12) of the previous module, the generation of single-phase
voltage, using a multi-turn coil placed inside a magnet, was described. It may be noted
that, the scheme shown was a schematic one, whereas in a machine, the windings are
distributed in number of slots. Same would be the case with a normal three-phase
generator. Three windings, with equal no. of turns in each one, are used, so as to obtain
equal voltage in magnitude in all three phases. Also to obtain a balanced three-phase
voltage, the windings are to be placed at an electrical angle of 120° with each other, such
that the voltages in each phase are also at an angle of 120° with each other, which will be
described in the next section. The schematic diagram with multi-turn coils, as was shown
earlier in Fig. 12.1 for a single-phase one, placed at angle of 120° with each other, in a
2-pole configuration, is shown in Fig. 18.1a. The waveforms in each of the three
windings (R, Y & B), are also shown in Fig. 18.1b. The windings are in the stator, with
the poles shown in the rotor, which is rotating at a synchronous speed of N, (r/min, or

rpm), to obtain a frequency of f = ((p- NS)/IZO) (Hz), pbeing no. of poles [ p=2]
(see lesson no. 12).
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Fig. 18.1 (a) Schematic diagram of three windings of stator for the
generation of three phased balanced voltage (2-pole rotor).

Three-phase Voltages for Star Connection

Vi Vix Vi

240°3 300 3607

Fig. 18.1 (b)Three-phase balanced voltage waveforms with
the source star-connected (the phase sequence, R-Y-B)

The connection diagram of a star (Y)-connected three-phase system is shown in Fig.
18.2a, along with phasor representation of the voltages (Fig. 18.2b). These are in conti-
nuation of the figures 18.1a-b. Three windings for three phases are R (+) & R’(-),Y (+)
& Y’(-), and B (+) & Y’(-). Taking the winding of one phase, say phase R as an
example, then R with sign (+) is taken as start, and R’ with sign (—) is taken as finish.
Same is the case with two other phases. For making star (Y)-connection, R’, Y’ & B’ are
connected together, and the point is taken as neutral, N. Three phase voltages are:

€y = E,SIN G ; ey = E,sin (0 -120°);

€y = E, 5in (0 —240°) = E_ sin (6 +120°)
It may be noted that, if the voltage in phase R (€&, ) is taken as reference as stated earlier,
then the voltage in phase Y(e,, ) lags ez, by 120°, and the voltage in phase B( &g, ) lags
ey by 120°, or leads ey by 120°. The phasors are given as:
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Egy £0°=E(1.0+ j0.0): E,, Z—120°=E (-0.5— j0.866);
Egy £ +120°=E (—0.5+ j0.866).
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Fig. 18.2 (a) Three-phase balanced voltages, with the source
star-connected (the phase sequence, R-Y-B)
(b) Phasor diagram of the line and phase voltages

The phase voltages are all equal in magnitude, but only differ in phase. This is also
shown in Fig. 18.2b. The relationship between Eand E_ isE=E_/ V2. The phase

sequence is R-Y-B. It can be observed from Fig. 18.1b that the voltage in phase Y attains
the maximum value, after € =@ -t =120° from the time or angle, after the voltage in
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phase R attains the maximum value, and then the voltage in phase B attains the maximum
value. The angle of lag or lead from the reference phase, R is stated earlier.

Reversal of phase sequence from R-Y-B to R-B-Y

If the phase sequence is reversed from R-Y-B to R-B-Y, the waveforms and the
corresponding phasor diagram are shown in figures 18.3 (a-b) respectively. It can be
observed from Fig. 18.3a that the voltage in phase B attains the maximum value, after
60 =120° from the time (or angle), after the voltage in phase R attains the maximum
value, and then the voltage in phase Y attains the maximum value. The angle of lag or
lead from the reference phase, R is stated earlier. The same sequence is observed in the
phasor diagram (Fig. 18.3b), when the phase sequence is reversed to R-B-Y.
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Version 2 EE IIT, Kharagpur



AVys

Vyn
30°
120°
Vrn
30° 60°
120°
30° Ve
Vs
Vex Vry
(b)

Fig. 18.3 (a) Three-phase balanced voltage waveforms with the source star-connected (the
phase sequence, R-B-Y)
(b) Phasor diagram of the line and phase voltages

Relation between the Phase and Line Voltages for Star
Connection

Three line voltages (Fig. 18.4) are obtained by the following procedure. The line
voltage, E., is

Eqy =Epy —Ey =EZ0°—EZ£-120°=E[(1+ jO)—(-0.5— j0.866)]

= E(1.5+ j0.866) = +/3 E £30°
The magnitude of the line voltage, E, is /3 times the magnitude of the phase voltage
Erv,and Eg, leads Egy by 30°. Same is the case with other two line voltages as shown
in brief (the steps can easily be derived by the procedure given earlier).

Eys = Eyy — Egy = E£—120°— EZ+120° = +/3E £ —90°

Eay = Egy — Egy = E £ +120°— E£0° = +/3E £ +150°

So, the three line voltages are balanced, with their magnitudes being equal, and the phase
angle being displaced from each other in sequence by 120°. Also, the line voltage, say
E., , leads the corresponding phase voltage, E, by 30°
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Relation between the Phase and Line Voltages for Delta
Connection

The connection diagram of a delta ( A )-connected three-phase system is shown in Fig.
18.4a, along with phasor representation of the voltages (Fig. 18.4b). For making delta
(A)-connection, the start of one winding is connected to the finish of the next one in
sequence, for instance, starting from phase R, R’ is to connected to Y, and then Y’ to B,
and so on (Fig. 18.4a). The line and phase voltages are the same in this case, and are

given as

e R
.Y
e B
(a)
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120°
120° >
1200 ERY
EYB
(b)

Fig. 18.4 (a) Three-phase balanced voltages, with the source delta-connected
(the phase sequence, R-Y-B)

(b) Phasor diagram of the line and phase voltages

Eo =EZ0°;  E, =E/-120°; Eg =EZ+120°
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If the phasor sum of the above three phase (or line) voltages are taken, the result is zero
(0). The phase or line voltages form a balanced one, with their magnitudes being equal,
and the phase being displaced from each other in sequence by 120°.

Currents for Circuit with Balanced Load (Star-connected)

—) IRN

%N

YYN ’

(b)
Fig. 18.5 (a) Circuit diagram for a three-phase balanced star-connected load
(b) Phasor diagram of the phase voltages, and the line & phase currents

A three-phase star (Y)-connected balanced load (Fig. 18.5a) is fed from a balanced
three-phase supply, which may be a three-wire one. A balanced load means that, the

Zp‘ :|ZRN'| :|ZYN'| :|ZBN'

angle is also same, as ¢, = gy, = Py = @y - In other words, if the impedance per phase

magnitude of the impedance per phase, is same, i.e., , and their

is given as,Z, /¢, =R, +jX,, then R =Ry, =Ry =Ry, and also
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X, =Xy = Xy = Xgy - The magnitude and phase angle of the impedance per phase
are: Z, =,/R;+X_ ,and ¢, =tan™' (X o/ Rp). For balanced load, the magnitudes of the

phase Voltages,’\/p‘ = [\/RN,| = [\/YN,| = [\/BN,| are same, as those of the source voltages per

phase IVRN | = [VYN| = [VBN

the point N’ , star point on the load side is same as the star point, N of the load side. The
phase currents (Fig. 18.5b) are obtained as,
Ven £0° Vg

, if it 1s connected in star, as given earlier. So, this means that,

l oy £, = = L—¢
™ P Zew L0y Zay °
V.. £—-120° V.
Ly £—(120°+¢,) = Y; ~ =M /-(120°+4,)
YN’ ¢p ZYN'

Vou £4120°_ Vou 005
ZBN'4¢p ZBN' P

In this case, the phase voltage, V,, is taken as reference. This shows that the phase

len 4(1200_¢p) =

currents are equal in magnitude, i.e., ( ), as the magnitudes of the

Ip‘ = |IRN'| =|IYN’| = |IBN'
voltage and load impedance, per phase, are same, with their phase angles displaced from
each other in sequence by 120°. The magnitude of the phase currents, is expressed as

=[ly|=|1g]), in

‘I p‘ = ‘(\/p /ZPX. These phase currents are also line currents (|IL| =|IR

this case.

Total Power Consumed in the Circuit (Star-connected)

In the lesson No. 14 of the previous module, the power consumed in a circuit fed
from a single-phase supply was presented. Using the same expression for the above star-
connected balanced circuit, fed from three-phase supply (Fig. 18.4a-b), the power
consumed per phase is given by

W, =V, -1, -cos ¢, =V, -1, -cos (V,, 1)

It has been shown earlier that the magnitude of the phase voltage is given by
NP‘ = [\/L|/ NE) , where the magnitude of the line voltage is [\/L| The magnitudes of the

phase and line current are same, i.e., |l p‘ = |I L| . Substituting the two expressions, the total

power consumed is obtained as

W =3-(v, /\3)-1, -cos g, =3V, -1, -cos ¢,
Please note that the phase angle, ¢, is the angle between the phase voltage V , and the
phase current, | ;.

Before taking up an example, the formulas for conversion from delta-connected
circuit to its star equivalent and vice versa (conversion from star to delta connection)

using impedances, and also ideal inductances/capacitances, are presented here, starting
with circuits with resistances, as derived in lesson #6 on dc circuits.
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Delta(A)-Star(Y) conversion and Star-Delta conversion

Before taking up the examples, the formula for Delta( A )-Star(Y ) conversion and
also Star-Delta conversion, using impedances as needed, instead of resistance as
elements, which is given in lesson #6 in the module on DC circuit, are presented. The
formulas for delta-star conversion, using resistances (Fig. 18.6), are,

a
Iy
¢
(a) (b)
Fig. 18.6: Resistances connected (a) in delta, and (b) in star configurations
— Rz R3 R = R3 Rl R = Rl Rz
® R +R,+R, ® R +R,+R, ° R +R,+R,

The formulas for delta-star conversion, using resistance, are,
R.R.,  R,R,+RR +RR,

R =R, +R, + ) R

R R R.R +R R . +R.R
R22R0+Ra+ c 'a _ ab+ bc+ c ' ‘a

Rb Rb

R.R R.R, +R R.+RR
R3:Ra+Rb+ ab: ab+ Ik;c+ c ‘a

C C
The derivation of these formulas is given in lesson #6. If three equal resistances

(R, =R, =R; =R) connected in delta, are converted into its equivalent star, the
resistances obtained are equal, its value being R, =R, =R, =(R/3)=R’, which is
derived using formulas given earlier. Similarly, if three equal resistances connected in
star, are converted into its equivalent delta, the resultant resistances, using formulas, are
equal (R, =R, =R, =3-R"=3-(R/3)=R).

The formula for the above conversions using impedances, instead of resistances, are
same, replacing resistances by impedances, as the formula for series and parallel
combination using impedances, instead of resistances, remain same as shown in the
previous module on ac single phase circuits.
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ib)
Fig. 18.7: Impedances connected (a) in delta, and (b) in star configurations

The formulas for delta-star conversion, using impedances (Fig. 18.7), are,
— ZZ Z3 Z — ZS Z1 Z — Zl ZZ
tZ,+2,+2Z, *Z,+2,+12, © Z,+Z,+Z,
The formulas for delta-star conversion, using impedance, are,
Z,Z, Z,Z,+Z,Z . +ZZ,

L, =L, +Z + a 2

L, L, +Z2, .. +7Z.7Z
ZZZZC+Za+ c—a _ ~a b+ b c+ c™a

Zb Zb

2,2, L2, ., +72, .. +7.7Z
Z3:Za+Zb+ a™b _ ~a b+;c+ c™a

C C
Please note that all the impedances used in the formula given here are complex
quantities, like Z, Z¢,, -+, Z, Z¢,,---, having both magnitude and angle as given. The
formulas can be derived by the same procedure as given in lesson #6.
An example is taken up, when three equal impedances connected in delta are to be
converted into its equivalent star. The impedances are equal, both in magnitude and

angle, such that |Zl| = |Zz| = |Z3| = |Z ,and ¢, =¢, =@, = ¢ . The impedances connected
in delta are of the form Z Z/¢ =R+ j X . Using the formula given here, the impedances
of the star equivalent are also equal, having the magnitude as

|Za| = |Zb| = |Zb| = (|Z|/3) = |Z'| and angleas ¢, =@, =@, =¢.

The angles of the equivalent impedance connected in star are equal to the angles of the

impedances connected in delta. The impedances connected in delta are also equal, both in
magnitude and angle, and are of the form Z' £¢ =(Z/3) L =(R/3)x j(X /3).

Similarly, if three equal impedances connected in star are converted into its equivalent
delta, the magnitude and angle of the impedances using the formulas given here, are

|Zl| = |Zz| = |Z3| =3-1Z') :|Z| and ¢, =¢, = ¢, = ¢ respectively. This shows that three
impedances are equal, both in magnitude and angle, with its value being
2/p=03-2")Y24¢=[3-(R/3)]xj[3-(X/3)]=RxjX

which can also be obtained simply from the result given earlier.
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(a) (b)
Fig. 18.8: Inductances (ideal) connected (a) in delta, and (b} in star configurations

Now, let us use the above formula for the circuits (Fig. 18.8), using inductances only.
The symbols used for the inductances are same (L, -+, L, ,---). The impedances of the

inductances connected in delta, are computed as Z, Z¢, =0.0+ joL, = X, £90°, the

angles in three cases are 90°. The magnitudes of the impedances are proportional to the
respective inductances as|Zl| = X, « L,. Converting the combination into its equivalent

star, the inductances using the formulas given here, are
__bL L T T S

L+l L, "L+l +L, ©L+L o+l
These relations can also be derived. Further, these are of the same form, as has been
earlier obtained for resistances. It may be observed here that the formulas for series and
parallel combination using inductances, instead of resistances, remain same, as shown in
the previous module on ac single phase circuits, and also can be derived from first
principles, such as relationship of induced emf in terms of inductance, as compared with
Ohm’s law for resistance. The inductances are all ideal, i.e. lossless, having no resistive
component. The formulas for star-delta conversion using inductances (conversion of star-
connected inductances into its equivalent delta) are,

L,L. LL, +L L +L.L,

L =L, +L + =

1 b c La La

L=l +L + Ll,  Lb,+L L +LL,
Lb Lb

L=L,+L,+ Lby _ Lok + le_Lc *LL,

C
These are of the same form as derived for circuits with resistances.

If three equal inductances (L, =L, =L, = L) connected in delta, are converted into

C

its equivalent star, the inductances obtained are equal, its value being
L, =L, =L, =(L/3)=L", which is derived using formulas given earlier. Similarly, if
three equal inductances connected in star, are converted into its equivalent delta, the

resultant inductances, using formulas, are equal (L, =L, =L, =3-L"=3-(L/3)=L).
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Fig. 18.9: Capacitances connected (a) in delta, and (b) in star configurations

The formulas for the circuits (Fig. 18.9) using capacitances are derived here. The
symbols used for the capacitances are same (C,, -, C,,---). The impedances of the

inductances connected in delta, are computed as Z, Z¢, =0.0— jX. = X, £-90°, the
angles in three cases are (—90°). The magnitudes of the impedances are inversely
proportional to the respective capacitances as, |Zl| =X =X, =1/owC) < (1/C)).

Converting the combination into its equivalent star, the resultant capacitances using the
formulas given here, are

e, - 1/C,)1/Cy)
* 1/C,+1/C, +1/C,
or C. :C1C2+C2C3+C3C1 =C2+C3+CZC3
C, C,
Similarly,
Cb:C3+C1+C3C1 :C1C2+C2C3+C3C1
CZ C2
CC=C1+C2+C1C2 :C1C2+C2C3+C3C1
C3 C3

The capacitances in this case are all ideal, without any loss, specially at power
frequency, which is true in nearly all cases, except otherwise stated. The formulas for
star-delta conversion using capacitances (conversion of star-connected capacitances into
its equivalent delta) are,

_(/CHA/CH)+(A/CHA/CH+(1/CHA/C,)

1/C, =
1/C,
or C1=—CbCC
C,+C,+C,
Similarly,
* C,+C,+C, *C,+C, +C,

If three equal capacitances (C, =C, = C, = C) connected in delta, are converted into
its equivalent star, the capacitances obtained are equal, its value being
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C,=C,=C,=(3-C)=C’, which is derived using formulas given earlier. Similarly, if
three equal capacitances connected in star, are converted into its equivalent delta, the
resultant capacitances, using formulas, are equal (C, =C, =C, =C'/3=(3-C)/3=C).

The formulas for conversion of three equal inductances/capacitances connected in
delta into its equivalent star and vice versa (star-delta conversion) can also be obtained
from the formulas using impedances as shown earlier, only by replacing inductance with
impedance, and for capacitance by replacing it reciprocal of impedance (in both cases
using magnitude of impedance only, as the angles are equal (90° for inductance and

—90° for capacitance). Another point to note is left for observation by the reader. Please
have a close look at the formulas needed for delta-star conversion and vice versa (star-
delta conversion) for capacitances, including those with equal values of capacitances, and
then compare them with the formulas needed for such conversion using
resistances/inductances (may be impedances also). The rules for conversion of
capacitances in series/parallel into its equivalent one can be compared to the rules for
conversion of resistances/inductances in series/parallel into its equivalent one.

The reader is referred to the comments given after the example 18.1.

Example 18.1

The star-connected load consists of a resistance of 15 €, in series with a coil having
resistance of 5 (2, and inductance of 0.2 H, per phase. It is connected in parallel with the
delta-connected load having capacitance of 90 uF per phase (Fig. 18.10a). Both the
loads being balanced, and fed from a three-phase, 400 V, 50 Hz, balanced supply, with
the phase sequence as R-Y-B. Find the line current, power factor, total power & reactive
VA, and also total volt-amperes (VA).

- |
R

—_ Iy
Y

—>IB
B

()
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B

(b)

Fig. 18.10 (a) Circuit diagram (Example 18.1)
(b) Equivalent balanced star-connected circuit

Solution
f =50 Hz w=2rf=2x7x50=314.16 rad /s
For the balanced star-connected load, R=15Q
For the inductance coil, r =5 Q X, =wlL=314.16x0.2=62.83 Q

with the above values taken per phase.

The impedance per phase is,

Z, =R+(r+ X )=15+(5+]62.83)=(20+ 62.83) =65.94 £72.34° Q)
For the balanced delta-connected load, C =90 uF

Converting the above load into its equivalent star, C, =C/3=90/3 =30 uF

Xey =1/0wC, =1/(314.16x30x107°) =106.1 Q
The impedance per phase is Z, = —j106.1 =106.1£—-90°

In the equivalent circuit for the load (Fig. 18.10b), the two impedances, Z, & Z, are

in parallel. So, the total admittance per phase is,

Yp:Yl+Y2’:L+L,: ! + !
Z, Z, 6594/+72.34° 106.1£-90°

=0.01517 £ —72.34°+0.009425 £ + 90° = [(4.6 — j14.46) + j9.425]x107

=(4.6-j5.03)x107° =0.006816 £ —47.56° Q"

The total impedance per phase is,

Z,=1/Y, =1/(0.006816 £ —47.56°) =146.71 £ +47.56°=(99.0+ j108.27) Q

The phasor diagram is shown in Fig. 18.10c.
Taking the phase voltage, V;, as reference,

Ven| =Ny| =V | /43 =400/43 =231.0 V
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Fig. 18.10 (c) Phasor diagram

The phase voltages are,
Vey =231.0£0° 5 V,,, =231.0£-120°; Vg, =231.0L£+120°
So, the phase current, |, is,
~Vaw . 231.0 £L0°
™z, 14671 £+47.56°
The two other phase currents are,
Iy =1.5752£-167.56° ; ley =1.5752£+72.44°

As the total circuit (Fig. 18.5b) is taken as star-connected, the line and phase currents
I =]1,|=1.575 A
Also, the phase angle of the total impedance is positive.

So, the power factor is cos ¢, = cos 47.56° = 0.675 lag

The total volt-amperes is S =3-V, -1/ =3x231x1.575=1.0915 kVA

The total VA is also obtained as S =~/3-V, -1, =+/3x400x1.575=1.0915 kVA
The total poweris P=3-V -1 -cos ¢, =3x231x1.575x0.675=T737 W

The total reactive volt-amperes is,
Q=3-V,-I,-sin ¢, =3x231x1.575xsin 47.56° =805 VAR

=1.575 £ —47.56° = (1.0625— j1.162) A

are same, i.€.,

This example can be solved by converting the star-connected part into its equivalent
delta, as shown in Example 19.1 (next lesson). A simple example (20.1) of a balanced
star-connected load is also given in the last lesson (#20) of this module.

After starting with the generation of three-phase balanced voltage system, the phase
and line voltages, both being balanced, first for star-connection, and then for delta-
connection (both on source side), are discussed. The currents (both phase and line) for
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balanced star-connected load, along with total power consumed, are also described in this
lesson. An example is given in detail. In the next lesson, the currents (both phase and
line) for balanced delta-connected load will be presented.
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Problems

18.1 A balance load of (16+j12)Q per phase, connected in star, is fed from a three-
phase, 230V supply. Find the line current, power factor, total power, reactive VA
and total VA.

18.2  Find the three voltages Van, Vin, & Ve, in the circuit shown in Fig. 18.11. The
circuit components are: R =10 Q, jX; =j17.3 Q.
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